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1 Introduction 



The current paper is concerned with travehng wave solutions of spatially periodic nonlocal 
monostable equations. 

Monostable equations arise in modeling population dynamics of species in biology and ecology. 
Classically, one assumes that the internal interaction of species is random and local (i.e. species 
moves randomly between the adjacent spatial locations), which leads to the following reaction- 
diffusion equation. 



where u{t, x) represents the population density of species at time t and spatial location x and 
f{x,u) satisfies certain monostablility assumptions. Roughly, the monostablility assumptions 
mean that f{x,u) < for u ^ 1, fu{x,u) < for n > 0, and the trivial solution u = is 
unstable. 

In reality, the movements and interactions of many species in biology and ecology can occur 
between non-adjacent spatial locations. Taking the nonlocal internal interaction of species into 
the account leads to the following nonlocal dispersal evolution equation, 



where k{-) is a convolution kernel supported on a ball centered at the origin (that is, there 
is a (5o > such that k{z) > if ||2;|| < 5q, k{z) = if > 6o, where |j • || denotes the norm 
in and 5o represents the nonlocal dispersal distance), J^n k{z)dz = 1, and f{x,u) satisfies 
certain monostable assumptions. 

Throughout this paper, we assume that f{x,u) is periodic in x with period vector p = 
iPi,P2, ■ ■ ■ ,Pn) (that is, /(• +Piei, •) = /(•, •), ei = {5ii,6i2, ■ ■ ■ ,6i]y), 6ij = I Hi = j and if 
^ 7^ Ji = 1) 2, • • • , N). To state the monostablility assumptions on /, let 




N 





N 




Xp = {ue C{R^ ,R)\u{- +piei) = u{-), i = 1 



••• ,iV} 




with norm 





(1.4) 



Let / be the identity map on Xp, and /C, ao{-)I : Xp — > Xp be defined by 




(1.5) 






and n » 1 . 
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(A2) u = is linearly unstable in Xp, that is, the principal eigenvalue of 

j Au + ao{x)u = Xu, xeR^ 
\u{x+piei) = u{x), z = 1,2, • • • ,iV, X G 

is positive. 

The following are monostablility assumptions for (|1.2p : 



(HI) / G Ci(K^ X [0,oo),M), sup ^■^(^'^) <o andf{x,u) < /or x € andu^l. 

(H2) u = is linearly unstable in Xp, that is, Aq := sup{ReA | A G o"(/C — / + ao(-)/)} is positive, 
where (t(/C — / + ao(-)/) is the spectrum of the operator /C — / + ao(-)/ on Xp. 

It is well known that (Al) and (A2) imply that (jl.ip has exactly two equilibrium solutions 
in Xp , u = and u = u'^ , and u = is linearly unstable and n = ti^ is asymptotically stable in 
Xp, which reflects the monostable feature of the assumptions (Al) and (A2). 

Observe that (Al) and (HI) are exactly the same (it is for convenience to state them sep- 
arately). (H2) is the analogue of (A2). It should be pointed out that Aq in (H2) may not be 
an eigenvalue oi JC — I + ao{-)I (see an example in [54]) and therefore there is some essential 
difference between random dispersal and nonlocal dispersal operators. Nevertheless, it is proved 
in [55] that (HI) and (H2) also imply that (jl.2p has exactly two equilibrium solutions in Xp, 
u = and u = , and u = is linearly unstable and n = n"*" is asymptotically stable in Xp (see 
Proposition 12.11 or \55\ Theorem C]), which reflects the monostable feature of the assumptions 
(HI) and (H2). 

Among the most important dynamical issues about monostable equations (jl.ip and (jl.2p are 
spatial spread and front propagation dynamics. 

The spatial spread and front propagation dynamics of (jl.ip has been extensively studied since 
the pioneering works by Fisher [T7] and Kolmogorov, Petrowsky, Piscunov |35] on the following 
special case of p.ip 

5^ = 5^+-(i--)' -elR' (1-7) 

which models the evolutionary take-over of a habitat by a fitter genotype. See, for example, 

[I], [3], [1], [5], 

[IS]) [HI]) [52], [56], [57], [58], and references therein, for the study of the spatial spread and 
front propagation dynamics of (jl.ip . It is proved that, if (Al) and (A2) hold, then for every 
^ G 5-^-1 := G M^l ll^ll = 1}, there is a c*(C) G M such that for every c > c*(0) there 
is a traveling wave solution connecting and = and propagating in the direction of ^ 
with speed c, and there is no such traveling wave solution of slower speed in the direction of ^. 
Moreover, the minimal wave speed c*{£^) is of some important spreading properties (hence is also 
called the spreading speed in the direction of ^) and has the following variational characterization. 
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Let A(^, n) be the eigenvalue of 



An - 2fi Zti + (aoix) + ^i^)u = An, x e 
n(x + piei) = n(2;), « = 1,2, x e 



with largest real part, where ao(x) = /(x, 0) (it is well known that A(.^, /u) is real and algebraically 
simple. A(^, /u) is called the principal eigenvalue of (jl.Sp in literature). Then 

c*(e) = inf ^^ili^. (1.9) 

/i>0 

(See [3], [1], [5], [37], [l2], [53], [H], [58] and references therein for the above mentioned proper- 
ties). 

Recently, various dynamical problems related to the spatial spread and front propagation 
dynamics of nonlocal dispersal equations of the form (jl.2p have also been studied by many 
authors. See, for example, [2], [6], [TO], [H], [H], [TO], [20], [25], [26], [30], [M], [32], [M], [53], 
for the study of spectral theory for nonlocal dispersal operators and the existence, uniqueness, 
and stability of nontrivial positive stationary solutions. See, for example, [TT], [TO], [TO], [HU] . 
[H] 5 [IS] 5 [57] , [58] , for the study of entire solutions and the existence of spreading speeds and 
traveling wave solutions connecting the trivial solution n = and a nontrivial positive stationary 
solution for some special cases of (jl.2p . In particular, if f{x,u) is independent of x, then it is 
proved that (jl.2|) has a spreading speed c*(^) in every direction of ^ G S^"^ {c*{0 is indeed 
independent of ^ € S^~^ in this case) and for every c > c*(^), (|1.2p has a traveling wave solution 
connecting n"*" and and propagating in the direction of ^ with propagating speed c (see [TT]). 
In the very recent papers [M], [55], the authors of the current paper explored the spatial spread 
dynamics of general spatially periodic monostable equations and proved that assume (HI) and 
(H2), ()1.2p has a spreading speed c*(^) in every direction of ^ G S^~^, which extends the existing 
results on spreading speed of (jl.ip to (|1.2p . 

However, there is little understanding about traveling wave solutions of spatially periodic 
monostable equations with nonlocal dispersal. The objective of the current paper is to investigate 
the existence, uniqueness, and stability of traveling wave solutions of (jl.2p . We show that if the 
periodic habitat of (II. 2p is of certain homogeneity or the nonlocal dispersal distance is small, 
then (|1.2p has a unique stable traveling wave solution which connects n"*" and and propagates 
in a given direction ^ € S^~^ for all speeds greater than the spreading speed in the direction of 
^. The main tools employed in the proofs of the existence, uniqueness, and stability of traveling 
wave solutions of (jl.2p include sub- and super-solutions and the principal eigenvalue theory for 
nonlocal dispersal operators which has recently been established in |54j . 

It should be pointed out that the spatial spread and front propagation dynamics of spatially 
discrete monostable equations has also been widely studied. The reader is referred to [7], [8], 
[9], m, [22], [29], [50], [59], M- 

The rest of this paper is organized as follows. In section 2, we introduce some standing 
notations and the definition of spatially periodic traveling wave solutions and state the main 
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results of the paper. In section 3, we present the comparison principle for solutions of (|1.2|) 
and some related linear equations with nonlocal dispersal and construct some sub- and super- 
solutions of (jl.2p to be used in the proofs of the main results. The existence of traveling 
wave solutions is investigated in section 4. Section 5 concerns the uniqueness and continuity of 
traveling wave solutions. In section 6, we show the stability of traveling wave solutions. 

2 Notations, Definitions, and Main Results 

In this section, we introduce some standing notations and the definition of spatially periodic 
traveling wave solutions, and state the main results of the paper. 

First of all, let Xp and be as in (jl.3p and (|1.4p . respectively. Let 

X = {u € C(M^,M) I u is uniformly continuous on and sup < oo} (2-1) 

with norm \\u\\x = sup |u(x)|, and 

X+ = {u e X|m(x) > VxGM^}. (2.2) 

Let 

X = {u : — )■ M I M is Lebesgue measurable and bounded} (2.3) 
endowed with the norm \\u\\j^ = sup \u{x)\ and 

X+ = {u G X|m(x) > VxGM^}. (2.4) 

Observe that Xp C X C X. 

Consider the shifted equations of (jl.2p . 

^= / k{y — x)u{t,y)dy — u{t,x) + u{t,x)f{x + z,u{t,x)), x € (2.5) 
dt J^N 

where z G M^. By general semigroup theory (see [23] and [IS]), for any uq £ X and z € M, ()2.5p 
has a unique (local) solution n(t, •) G X with u{0, x) = uq{x). Let u{t, x; uq, z) be the solution of 
(j2.5p with n(0, uo, 2:) = uo{x). Note that if uq G Xp (resp. X), then u{t,-;uo,z) G Xp (resp. 
X). If uq G X~^ , then u{t,x;uQ) exists for all t > (see Proposition 13. ip . 

A measurable function n : M X is call an entire solution of (jl.2p if u{t, x) is differentiable 
in t G M and satisfies ([L2]) for aU t G M and 2; G M^. 

Proposition 2.1. Assume (H1)-(H2). Then (|1.2p has a unique stationary solution u'^{-) G 
Xp \ {0}. Moreover, u = u^{-) is asymptotically stable with respect to perturbations in Xp \ {0} 
and for any ^ G S^~^, any uq G X~^ , uq{x) > 6 for all x G with x ■ ^ < m for some m G M 
and 5 > 0, and any e > 0, there are T > and i? G M suc/i </iai 

sup \u{T,x;uq, z) — u'^{x + z)\ < e ^r < R. 

x,z&R'^,x-£,<r 
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Proof. It follows from the arguments in \55\ Theorem C] and [541 Proposition 2.3]. □ 

For given function £/ : M X X ^ M, ^ G S^'^, and c, a G M, we define the following 
limit: 

lim g{t, X, z) = a uniformly in z £ M.^ 

x-f — ct— >oo(— oo) 

if and only if 

lim sup \g{t,x, z) — a\ = 0. 

r-i>oo(-oo) tm,x,zm^ ,x-^-ct>r{<r) 

Definition 2.1 (Traveling wave solution). (1) An entire solution u{t,x) of (jl.2p is called a 
traveling wave solution connecting ti^(-) and and propagating in the direction of ^ 
with speed c if there is a bounded measurable function <I> : x — )■ M"*" such that 
u{t, •; $(•, z),z) exists for all t G M, 

u{t, x) = u{t, X- 0), 0) = ^{x - cti, cti) Vi G M, x G M^, (2.6) 

u{t,x\^{-,z),z) = ^{x-cti,z + cti) Vi G M, G M^, (2.7) 
lim {^{x, z) — u'^{x + z)\ = 0, lim <l>(x, z) = uniformly in z £ R^, (2.8) 

$(x,z - x) = $(x',^; - x') Vx,x' G TOt/i X • ^ = x' • ^, (2.9) 

and 

$(x,z+piei) = $(x,z) Vx,zGM^. (2.10) 

(2) A bounded measurable function ^ : x M+ is said to generate a traveling wave 

solution of (II. 2p in the direction of ^ with speed c i/ it satisfies ()2.7p - (l2.10p . 

Remark 2.1. Suppose that u{t,x) = <^(x — ct^,ct^) is a traveling wave solution of (jl.2p con- 
necting n+(-) and and propagating in the direction of ^ with speed c. Then u{t,x) can be 
written as 

u{t,x) = '^{x ■ ^ - ct,x) (2.11) 

for some ^' : M x — )• M satisfying that '^{r],z + p^ei) = ^'(r/,z), lim ^{r],z) = u^{z), 
and lim ^(?7,z) = uniformly in z £ M^. /n /act, let ^(?7,z) = <I>(x,z — x) for x G with 
X ■ ^ = r]. Observe that ^[rj^z) is well defined and has the above mentioned properties. In some 
literature, the form (j2.1ip is adopted for spatially periodic traveling wave solutions (see \37^ , 
\4^ , 158^ . and references therein). 

Next, we recall some principal eigenvalue theory and spatial spreading theory established in 
[M] and [55]. 

Consider the following eigenvalue problem, which is a nonlocal counterpart of (jl.Sp . 

{)C^^^-I + a{-)l)v = Xv, veXp, (2.12) 
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where € S'^ ^, /.t G M, and a(-) € Xp. The operator a{-)I has the same meaning as m (|1.6p 
with ao(-) being replaced by a(-), and JC^^^ : Xp Xp is defined by 

(/Cg,^t;)(x) = / e-^'^y-->^k{y-x)v{y)dy. (2.13) 

We point out the foUowing relation between (II. 2p and (12.120 : if u{t,x) = e ^^^^ '^^^(j){x) with 
(j) € \ {0} is a solution of the linearization of ()1.2p at n = 0, 

^ = f k{y - x)u{t,y)dy - u{t,x) + ao{x)u{t,x), xeR^, (2-14) 

where 00(3;) = /(xjO), then A is an eigenvalue of (|2.12p with a(-) = ao(-) or IC^^^ — I + ao{-)I 
and V = (j){x) is a corresponding eigenfunction. 

Let a{JC^^^ — I + be the spectrum of /C^^^ — / + a(-)-^ on Xp. Let 

Ao(C, A*, a) := sup{ReA | A € cr^K,^^^ — I + a{-)I)}. 

We call Ao(C5 /^i a) the principal spectrum point of /C^^^ — / + cl{-)I. Observe that if ^ = 0, (|2.12p 
is independent of ^ and hence we put 

Ao(a) := Ao(e,0,a) V ^ € 5^"^ (2.15) 

Ao(C, /U, a) is called the principal eigenvalue of /C^^^ — / + a(-)/ or /C^^^ — / + a{-)I is said to have 
a principal eigenvalue if Ao(C) ^1 1^) is an algebraically simple eigenvalue of /Cg,^ — / + with 
an eigenfunction v S X+, and for every A € o"(/C^^^ — I + a{-)I) \ {Ao(C, ^, a)}, ReA < Ao('^, /U, a). 

Observe that /C^^^ — / + a(-)/ may not have a principal eigenvalue (see an example in [54]). 
which reveals some essential difference between random dispersal operators and nonlocal disper- 
sal operators. The following proposition on the existence of principal eigenvalue of IC^^^—I+a{-)I 
is proved in [5l] (see also [55]). 

Proposition 2.2. (1) If k{x) = ^^(f) for all x € M^, where k{-) satisfies that k{z) > 
for \\z\\ < 1, k{z) = for \\z\\ > 1, and J^pf k{z)dz = 1, then Ao(^, /^,a) is the principal 
eigenvalue o//Cg^^ — / + a{-)I for all ^ G 5^~^, /i G M and < 5 ^ 1. 

z'S) If a(x) satisfies that max a(j;) — min a(x) < 1, i/ien Ao(C,/U,a) is t/ie principal eigenvalue 
o//C^,^ - / + a(-)/ /or all C G 5^"^ and ^ G M. 

('^J If a{-) is and the partial derivatives of a{x) up to order N — \ at some xq are zero, 
where xq is such that a(xo) = max a{x), then the conclusion in (2) holds. 

Proposition 12.21 shows such an important fact: nonlocal dispersal operator possesses a sim- 
ilar principal eigenvalue theory to random dispersal operator for following cases: the nonlocal 
dispersal is nearly local; the periodic habitat is nearly globally homogeneous (in the sense that 
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the condition in Proposition I2.2f 2) is satisfied) or it is nearly homogeneous in a region where it 
is most conducive to population growth in the zero-Hmit population (in the sense that the con- 
dition in Proposition I2.2l f3) is satisfied). Note that if ao(-) is and 1 < < 2, the condition 
in Proposition 12.2( 3) is always satisfied. 

As it is mentioned above, a spatially periodic monostable equation with random dispersal 
has a spreading speed in every direction. This important feature has been well extended in |54j 
and |55j to spatially periodic monostable equations with nonlocal dispersal. For given function 
/i : M X X R^, we define 

liminf X, z) = liminf inf h{t,x,z), 

limsup z) = limsup sup h{t,x,z), 
liminf inf x, z) = liminf inf h{t,x,z), 

t-i-oo x-i<ct t~^QO xGM.^,x-^<ct 



and 



limsup sup X, z) = limsup sup h(t,x,z). 



Roughly speaking, a number c*(^) S R is called the spreading speed of (11. 2p in the direction of 
^ if for every uq € with liminf ^0(2;) > and uq{x) = for x • ^ ^ 1, 

liminf inf {u{t,x]Uo) — u^{x)) = Q Vc<c*(^) 

t^oo x-i<ct 



and 



limsup sup u{t,x;uQ) = Q yc>c*{^) 

i-OO X-^>Ct 



(see |55| Definition 1.2] for detail). The following proposition on the existence of spreading 
speeds is proved in [55] (see also [M]). 

Proposition 2.3. Assume (HI) and (H2). For any ^ € S^~^, (11. 2p has a spreading speed c*(^) 
in the direction of ^. Moreover, there is > such that 

. f Ao(g,/i,ao) Ao(g,/z*(0,ao) Ao(^,//,ao) „ ^ 
c (4 = inf : = JTTT < V^G 0,^ C) . 

For convenience, we introduce the following standing assumption: 

(H3) For every G and > 0, Ao('^,/u,ao) is the principal eigenvalue of K,^^^ — I + ao{-)I , 

where ao(x) = /(x,0). 

Biologically, one is only interested in nonnegative solutions of (jl.2p . Without loss of gener- 
ality, we then also assume 

(H4) f{x,u) = f{x,0) foru<0. 
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We now state the main results of the paper. For given ^ € 5^ ^ and c > c*(^), let /.i € 
(0,/i*(0) be such that 

Ao(^,A^,ao) 
c = . 

If (H3) holds, let (/){■) G be the positive principal eigenfunction of /Cg,^ — / + clo{-)I with 
II'/'(-)lk = l. 

Theorem 2.1 (Existence of traveling wave solutions). Assume (H1)-(H4). Then for any ^ € 
S^-^ and c > c*(^), there is a bounded measurable function ^ : x — ?> M"^ such that the 
following hold. 

(1) generates a traveling wave solution connecting u^{-) and and propagating in the 

^ix z] 

direction of ^ with speed c. Moreover, lim — = 1 uniformly in z ^ M^. 

x-^^oo e + z) 

(2) Let U{t,x;z) = u{t,x;^{-,z),z){= ^{x - ct£,,z + ctS,)). Then 

Ut{t,x;z)>0 Vt G M, x,z G M^, 
Ut(t, x; z) 

lim Ut{t,x;z) = 0, and lim ——, — ' = /j,c uniformly in z G M^. 

x-^— ct->— oo x-(~ct^oo e "''(j)(x + z) 

Remark 2.2. Let ^{x, z) be as in Theorem \2.1\ and ^(r]. z) = ^{rj^, z — r]^^). Then U{t,x; z) = 
^{x ■ — ct, z + x) and ^{i], z) is differentiable in r] and ^niv^ ^) < 0- 

Theorem 2.2 (Uniqueness and continuity of traveling wave solutions). Assume (H1)-(H4). Let 
$(•,•) be as in Theorem \2.1\ 

(1) Suppose that <l*i(-, •) also generates a traveling wave solution of (jl.2p in the direction of ^ 

^\(x z) 

with speed c and lim — — ^ = 1 uniformly in z G M. Then ^i{x,z) = ^{x,z). 

x-i~^oo 9[x,z) 



(2) ^{x^z) is continuous in {x,z) G 



Theorem 2.3 (Stability of traveling wave solutions). Assume (H1)-(H4). 

Let U{t,x) = U{t,x;0) = ^{x — ct(,,ct(,), where $(•,•) is as in Theorem \2.1[ For any uq G X'^ 

Uq (xj 

satisfying that lim — = 1 and liminf uqIx) > 0, there holds 

X-^-^OO U{0,X) x-^^-oo 



lim sup 



u{t,x;uo,0) _ ^ 
U{t,x) 



0. 



We remark that by the spreading property of c*(^), it is not difficult to see that (jl.2p has 
no traveling wave solutions in the direction of ^ G S^~^ with propagating speed smaller than 
c*(^). Theorems 12 . 111231 show the existence, uniqueness, and stability of traveling wave solutions 
of (|1.2p in any given direction with speed greater than the spreading speed in that direction 
for the above mentioned three special but important cases, that is, the nonlocal dispersal is 
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nearly local; the periodic habitat is nearly globally homogeneous or it is nearly homogeneous in 
a region where it is most conducive to population growth in the zero-limit population. It remains 
open whether (jl.2p has a traveling wave solution in the given direction of ^ € S^~^ with speed 
c = c*(^) for these special cases. It also remains open whether a general spatially periodic 
monostable equation with nonlocal dispersal in with > 3 has traveling wave solutions 
connecting the spatially periodic positive stationary solution u'^ and and propagating with 
constant speeds. 

3 Comparison Principle and Sub- and Super-solutions 

In this section, we first in 13.11 present the comparison principle for (sub-, super-) solutions of 
()2.5p and some related nonlocal linear evolution equations. Then we construct in 13.21 some sub- 
and super-solutions to be used in the proofs of the main results in later sections. 

3.1 Comparison principle 

Consider (j2.5p . For given a(-, •) G C(M X M^,M) with a{t, •) G Xp for every t € M, consider also 



Definition 3.1. A bounded Lebesgue measurable function u{t,x) on [0,T) X is called a 
super-solution (or sub-solution) of (j2.5p if for any x € M^, u(t,x) is absolutely continuous on 
[0,T)(and so ^ exists a.e on [0,T)) and satisfies that for each x € , 



for a.e. t G (0,r). 

Sub and super-solutions of (j3.ip are defined similarly. Throughout this subsection, we assume 
(HI) and (H2). 

Proposition 3.1 (Comparison principle). 

(1) If ui{t,x) and U2{t,x) are sub-solution and super- solution of (j3.ip on [0,T), respectively, 
ui{0, •) < U2{0, ■), and U2{t, x) — ui{t, x) > — /3o for {t, x) G [0, T) x M.^ and some /?o > 0, 
thenui{t,-) <U2it,-) for te[0,T). 

(2) Ifui{t,x) and U2{t, x) are bounded sub- and super- solutions of (|2.5p on [0,r), respectively, 
and ui{0, •) < U2{0, •), then ui{t, •) < U2{t, •) for t G [0, T). 

(3) For every uq G X'^ , u{t, x;uq, z) exists for all t >0, where u{t, x;uq, z) is the solution of 
()2.5p with u{0,x;uo,z) = uo{z). 




k{y — x)u{t, y)dy — u{t, x) -\- a(t, x -|- z)u(t, x), x G M' 



(3.1) 




k{y — x)u{t, y)dy — u{t, x) -\- f{x -\- z, u)u{t, x) 
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(4) Suppose that ui,U2 G X, ui < U2, and {x G M 1^^2(2;) > ui{x)} has positive Lebesgue 
measure. Then u{t,x;ui, z) < u{t,x;u2, z) for every t > at which both u{t,-;ui) and 
u{t,-;u2) exist andx,z&MJ^. 

Proof. If follows from the arguments in |541 Proposition 2.1] and |541 Proposition 2.2]. □ 
3.2 Sub- and super-solutions 

Throughout this subsection, we assume (H1)-(H4) and put ao(x) = f{x,0). 
For given ^ G 5^~^, let /U*(^) be such that 

c*(^) = .-^o(C,Ai*(0>«o) 



Fix C G S^-^ and c > c*{C)- Let < n< m < mm{2 fi, fi*{C)} be such that c = MSi^ and 
XoM^ao) ^ Ao(g^.i,ao) ^ Let 0(-) and be positive eigenfunctions of /C^,^ - / + ao{-)I 

associated to Xo{C,fJ^,ao) and Xq{^, fii,ao) with ||(/'(-)||Xp = 1 and ||</'i(-)l|Xp = 1, respectively. If 
no confusion occurs, we may write Xo{fi,(,,ao) as A(/i). 
For given di > 0, let 

v}{t, X- z, T, di) = e-'^(^-^+"'^-'=*)0(x + z)- die-^i(^-«+"^-"*Vi(3; + z). (3.2) 
We may write v}{t, x; z, T) for v}{t, x; z, T, di) for fixed di > or if no confusion occurs. 

Proposition 3.2. For G and T > 0, v}{t,x;z,T) is a sub-solution of (12. Sp provided 

that di is sufficiently large. 

Proof First of ah, let (p = e-A'(^-?+'=^-^*)(/)(2; + z) and fi = die^''i(^-«+^^"'=*Vi(rE + z). Let 
M = max </'(x)(> 0). Let L > be such that -fu{x + z,u) < L foi < u < M. Let do be 

defined by 

max 4>{x) L max (p^{x) 

do = max{ . — . } 

mm 01 (xj (/xic — A(/ii j j mm 



Fix z G and T > 0. We prove that v}{t,x; z,T) is a sub-solution of ()2.5p for di > do, 
that is, for any (t, x) G M x M^, 

-wr - [ / ^(2/ - x)y}{t,y;z,T)dy -y}{t,x;z,T) + /(x + z, x; z, r))t;^(t, x; z, T)] < 0. 
dt J^N 

(3.3) 

First, for {t,x) G M x with 2;i(t, x; z, T) < 0, f{x + z,v}{t,x;z,T)) = f{x + z,0). Hence 
r 

[ / ^'(y - x)v}{t,y;z,T)dy - v}{t,x;z,T) + /(x + z, ^^(t, x; z, r))v\t, x; z, T)] 



5t 

= -(/iic - A(^i))v9i < 0. 
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Therefore dSJ} holds for {t, x) eRxR^ with v}{t, x; z, T) < 0. 

Next, consider {t,x) eMxR^ with v}{t,x; z,T) > 0. By di > do, we must have x-^+cT—ct > 
0. Then v}{t, x; z, T) < e-^(^-^+^'^-'=*)(^(x + z) < (t){x + z) <M. Note that for < y < M, 

-ifiic - A(^i)) - Ux + z, y)M! < - A(^i)) + lM! 

= -(MIC - A(Mi)) + + (M.^2,)(..,4-cT-c.) 

di(?>i(x + z) 
L max (tP'{y) 

< -{nic - A(mi)) + , ^^'^ , . . 

di max 01 ( y j 

< 0. 

Therefore, for (t, x) G M x with v}{t, x; z, T) > 0, 
dv^ f 

-[ Hy - x)v}{t,y;z,T)dy - v}{t,x;z,T) + f{x + z,v})y}{t,x; z,T)] 
at Jrjv 

=(mc - X{fi))ip - inic - X{fii))ipi + f{x + z,0)i;^(t,x; 2;,r) - /(x + 2, 2;,^) 
= - {fiic - A(mi))v9i - fuix + - (fi)^ (for some y G (0, M)) 

< - (mic - X{ni))ipi - fu(x + z, y){(pf 

= [-(Mic- A(/ii)) - fu{x + z,y) ]ipi 

^1 

<0. 

Hence (j3.3p also holds for {t,x) G M x with u^(t, x; z, T) > 0. The proposition then follows. 

□ 

Proposition 3.3. Let(j)Q he the positive principal eigenfunction of IC—I+ao{-)I with ||i;^o||xp = 1- 
Then for any z G and < 6 <C 1, y^{t, x; z, b) := b(l)Q{x + z) is a sub-solution of (j2.5p . 



Proof. Fix z G M^. Observe that 

A:(y - x)4>o{y + z)(iy - (/>o(x + z) + f{x + z,O)0o(x + z) = \o4>o{x + z) Vx G M^. 

Observe also that max \q(I)q{x + z) > and then 

Aofe</'o(2; + z) > (/(x + z, 0) - /(x + z, 6(/>o(x + z)))6(/>o(x + z) VO < 6 < 1. 
It then follows that 

k{y-x)b(t)Q{y + z)dy-h(j)Q{x + z) + f{x + z,b(l)Q{x + z))b(t)o{x + z) > Vx G M^, < < 1. 
Hence 'iP'{t, x; z, 6) is a sub-solution of (|2.5|) for < 6 ^ 1. □ 
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For given < 6 < 1, there is M > such that for {t,x) G M x with M - 26o < 
X ■ ^ -\- cT — ct < M ((5o is the nonlocal dispersal distance in (II. 2p ). 

v}{t,x]z,T)>h. (3.4) 

Proposition 3.4. Zei < 6 < 1 and M > be such that ([23D holds and z G M^, T > 0. Let 



u{t, x; z, T, di, b) 



max{b(j)o{x + z),v}{t,x; z,T,di)} for x ■ + cT - ct < M 
v}{t,x; z,T,di) for x-^ + cT — ct>M. 



Then u{t,x; z,T,di,b) is a sub-solution of (j2.5p . 

Proof. First, it is not difficult to see that for any x,z £ M^, there are at most two ts such that 
b4>Q{x + z) = v}{t, x; z,T). Hence for any fixed x,z G M-^, u{t,x; z,T){:= u{t,x; z,t,b,di)) is 
continuous at every t and is differentiable in t for a.e. t. Moreover, for any t at which u{t, x; z, T) 
is differentiable, there holds 

du(t X- z T) r 

~ -< / Hy - x)u{t,y;z,T)dy -u{t,x-,z,T) +u{t,x-,z,T)f{x + z,u{t,x-,z,T)). 



dt 

Therefore, u{t,x; z,T) is a sub-solution of (12. 5p . □ 
For given c?2 > 0, let 

v{t, x; z, T,d2) = e-'^(^-«+'=^-"*V(2; + z) + d2e"''^(^-^+"^"'=*Vi(^ + z) 

and 

u{t, x; z, T, d2) = Taii\{v{t, x; z, T, d2),u'^{x + z)}. 

We may write v{t, x; z, T) and u{t, x; z, T) for v{t, x; z, T, ^2) and u{t, x; z, T, ^2), respectively, if 
no confusion occurs. 

Proposition 3.5. For any ^2 > 0, 2 G R^, and T > 0, u{t, x; z, T) is a super- solution of (12. 5p . 

Proof. It suffices to prove that v{t,x; z,T) is a super-solution. 

Let Lp2 = d2e~^^^^'^~^^'^~'^''^(l)i{x + z). By direct calculation, we have 



k{y - x)v(t, y; z, T)dy - v{t, x; z, T) + f{x + z, v)v{t, x; z, T)] 



dv 
'di ~ 
dv 

>— - [I k{y- x)v(t, y; z, T)dy - v{t, x; z, T) + f{x + z, Q)v{t, x; z, T)] 



dt 

= (/ilC - \{ili))ip2 

>0. 

The proposition thus follows. □ 
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In the rest of this section, we fix dl » 1, > 0, and < 6* ^ 1. Let 

'"(^2 t(^) ~ ^' '^1' ^*) ""o^^ t(^) ~ ^('-'' ^' '^2)- (3-5) 

Then by Proposition 13.41 

u{t, x; Uq^^^j,, z) > u(t, x; z, T) 

= u(0, X] z,T — t) 

Similarly, 

u(t, X] U^., rp, z) < ^0^^,T— 

Proposition 3.6. For any given z G M^, the following hold: 
(1) For any t2 > ti > 0, 

u{t2 + t,x;uQ .^^^,z) >u{ti+t,x;uQ .^^_^,z) Vt > -ti, x G R^; 

(2) 

u{t2 + t,x;u^^^^^^,z) < u{ti + t,x;uQ^^^^^, z) Vt > -ii, x G M^. 
Proof. (1) For given z G and t2 > ti > 0, by Proposition 13.41 

u{t2 - tl,x■,UQ^^ ^^,z) > u{t2 - ti,x;z,t2) 

Hence 

u{t2 + t,x■,UQ^^^^^,z) = u{ti +t,x;u{t2 - h, ■■,UQ^^^^^, z), z) 
> u{ti +t,x;uQ^^^^^,z). 

(1) is thus proved. 

(2) It follows by the similar arguments in (1) and Proposition 13.51 

□ 

4 Existence of Traveling Wave Solutions and Proof of Theorem 
[23] 



In this section, we investigate the existence of traveling wave solutions of ()1.2p and prove The- 
orem [2TTJ Throughout this section, we assume (II1)-(H4). 
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Let u^^ J. be as in (j3.5p . Let 



$^(rE,z) = Hm M(r,x;u^^^,z) (4.1) 



U^{t,x;z)= lim u{t + T,x;u^^ ^, z). (4-2) 



T— >-00 

and 

r±,'+ — lim r^-^ ' "- 

By Proposition 13.61 the hmits in the above exist for ah t € M and x,z G M^. Moreover, it is 

easy to see that is lower semi-continuous in G x and <I>''~(x,2:) is upper 
semi-continuous. 

We will show that u = f7'''(i,x;0) and u = U~ {t, x;0) are traveling wave solutions of ()1.2p 

in the direction of ^ with speed c generated by <!>+(•,•) and <!>"(•,•), respectively, and that 
$(., .) := $+(., .) satisfies Theorem [2Hl)-(2). 

To this end, we first prove some lemmas. 

Lemma 4.1. For each z G M^, u{t,x) = U^{t,x; z) are entire solutions of ()2.5p . 

Proof. We prove the case that u{t,x) = U~^{t,x; z). The other case can be proved similarly. 
Fix z G M^. Observe that for any x G M^, 

ft 



u{t + T,x;u^^^,z) = u{t,x;u^^^,z)+ / k{y - x)u{s + T,y;u^ ^ ^, z)dyds 

Jo JR^ 

+ / [-u{s + T,x; u'^^ ^, z) + u{s + r, x; u'^^ ^, + z, u{s + r, x; n^^ ^, z))] (is 

JO 

Letting r — ?• oo, we have 

u{t,x) = u{0,x) + / [/ k{y — x)u{s,y)dy — u{s,x) + u{s,x)f{x + z,u{s,x))]ds. 
Jo Jr^ 

This implies that u{t, x) is differentiable in t and satisfies (|2.5p for all t G M. □ 
Observe that 



If^it, x; z) = u{t, x; ^>=^(-, z),z) Vt G M, x, z G 



Lemma 4.2. u{t, x;^^{-, z), z) = ^"^{x - ct^, z + ct^), lim {^^{x, z) - u'^{x + z)) = and 

x-^—^—oo 

^>=^(x,z) ^ , • 

lim ^ — T — = 1 uniformly m z (z 

x-g-^oo e '^^''^(hix + z) 



Proof. We prove the lemma for •). It can be proved similarly for <I> (•, •), 

First of all, we have 

u{t,x;^^{-,z),z) = lim u{t,x;u{T,x;ut ^ ^, z), z) 
= lim u{t + T,x;u^ ,z) 
= + T, X - ct^; nj^+^i^^^^^, z + ctO 

= $+(x - ct^,z + ctO- 
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Note that 



u{t + T, x; z, T) = e~^^''<~''^^{x + z) - die~f'^'-''<~'^^Mx + z) 

< u{t,x;<^+{-,z),z) 

< u{t + T, x; z, T) 

= e-^'^'=<-^'U{x + z) + d2e-^^^''<-^'Ui{x + z) 

for t G M and x,z € M^. Thus hm — - — -^-^ — = 1, which is equivalent to 

x-s,—ct^oo e~^^^'^~ ' (f){x + z) 

^^ix z'] 

lim — = 1, uniformly in z € R^. 

x-i^oo e't^^'^^plx + z) 

We now prove that lim [^'^{x,z) — u'^{x + z)) = uniformly in z G M^. Observe that 
there is M > such that 

U+{t,x,z)>U~{t,x,z)>b(l)o{x + z) for x-£,-ct<M, zeR^. 

By Proposition 12.11 for any e > 0, there are T > and r/* G M such that 

\U+{T,x,z)-u+ix + z)\<e for x • ^ < r/*, z € M^. 

This implies that 

-n+(x + z)| < e for x ■ ^ < rj* + cT, z e 
and hence lim (<^>'''(x, z) — u^{x + z)) = uniformly in z E M^. □ 

x-^— ^— oo 

Corollary 4.1. 5oi/i <^"'"(-,-) and <!>"(•,•) generate traveling wave solutions of (|1.2p m i/ie 
direction of ^ speed c. 

Proo/. First of ah, by Lemmas O and [121 both ^>+(-, •) and ^>-(-, •) satisfy and (IXSl) . 
Next, for any x, x G with x • ^ = x • ^, z € M^, and r G R, we have 



- 2;') = u{t,x;u^_^_^,^^{- + x' -x),z-x' + {x' - x)) 



= u{t,x;Uq^^_^^^{-),z - x). 

This implies that •) satisfies (I2.9p . 

Observe now that ^^o^j;+p.e. r ~ ^0^2 r t ^ R and z G R^ . It then follows that 

^^{x, z + piei) = <I>='=(x,z) and hence satisfies (j2.10p . 

Therefore, both ^'^{■, •) and ^~{-, •) generate traveling wave solutions of (jl.2p in the direction 
of ^ with speed c. □ 



Lemma 4.3. lim (t, x;z) =0 uniformly in z £ 
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Proof. Note that 

U^{t, x;z)= / k{y - x)U'^{t, y; z)dy - U^{t, x; z) + U^{t, x; z)f{x + z, U^{t, x; z)) 

= / k{y)U^{t,x + y;z)dy -U^{t,x;z) + U^{t,x;z)f{x + z,U^{t,x;z)). 

JMKSn 



Note also that 



hm {U^{t,x;z)-u~^{x + z))=0 



uniformly in z G R^. It then follows that 



lim U^{t,x;z) 



x-^— rf— oo 



U^{t,x;z)— / k{y)u~^ {y + X + z)dy + u'^ {x + z) 



lim 

z-^— cf— oo _ 
— u^{x + z)f{x + Z, M'^(rE + z)) 



lim 

X-t;—ct—^ — 00 - 

- - M+(x + z)) 



+ - u'^{x + y + z))dy 



+ rr; + z, U^{t, x; z)) -u^{x + z)f{x + z, u+(x + z))) 

■ uniformly in z € M^. 



□ 



Lemma 4.4. nm^-.^.^t-^oo ^-^(^'gi!;^^^^^^) = uniformly in z e 

Proof. We prove the lemma for U^{t,x; z). It can be proved similarly for U'' {t,x; z). 

First, let U (t, x; z) = U~^{t, x; z). By Lemma for any e > 0, there is M > such that for 
any x, z G and i G M with x • ^ - ct > M, 



U (t, x; z) 

p—^i{x-S,—ct) 



+^)l< 



and 



Observe that 



|/(x + z,f/(i,x;z)) -/(x + z,0)| <e. 



(4.3) 
(4.4) 



fiC(j){x + z) = e ''^'^k{y - x)(p{y + z)dy - (p{x + z) + ao(x + z)4>{x + z) (4.5) 
Jrn 

for all X, z G M^, where ao(x + z) = /(x + z, 0), and 



Utit,x;z)= / /c(y-x)C/(t,y;z)dy-C/(t,x;z) + C/(t,x;z)/(x + z,;7(t,x;z)) (4.6) 
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for alH € M and x, 2 G W\ By (|33])-(jM]), we have 



e 



U{t,x;z) . 



+ (^^^1^ - <^(a; + z))/(x + z,C/(t,x;z)) 
+ (^(x + z) {fix + z, ^7(t, x; z)) - fix + z, 0)) 



<e[/ e-^'^y-''>^kiy-x)dy 
+ 1 + |/(x + z, f/ it, x; z))\ + (j)ix + z)] 

for all X, z € and t G M with x ■ — ct > M + 60, where 60 is the nonlocal dispersal distance 
in (L2\i . It then follows that 

Utit,x;z) 

lim _ . , = fic 

x-g-rf->oo e /^l.^'? '^'-'(pix + z) 

uniformly in z S M^. □ 

Proof of Theorem Wl\ Let ^>(x, z) = $+(x,z) and [/(t,x; z) = x; z). Note that ?7(t, x; z) = 

x; $(•, z), z)). We show that $(•, •) and U (•, •; •) satisfy Theorem 12. iT l) and (2), respectively. 

(1) It follows from Corollary 14. 1 1 and Lemma 14.21 

(2) By Lemmas 14.31 and 14.41 we only need to prove that Utit,x;z) > for all (t,x,z) € 
M X X M^. 



For any ti < t2, we have 



,t2 

Hence 

uiti,x; $+(•, z), z) = u(t2 + ti - t2, x; ^'+(-, z), z) 

= lim uit2,x;uin + ti-t2,-;u^zn^^)^^) 

- ii^^(*2, x; n(n + h - t2, ■■,u^^^^^^t^_^^, z), z) 

= uit2,x;<^+i-,z),z). 

Therefore, x;z) = n(t, x; <!>"'"(•, z), z) is nondecreasing as t increases. 

Let vit,x;z) = x; $^(-, z), z). Then u(t,x;z) > 0. By Lemma |4.4| for any t € M and 
z S M^, the set {x S ]R^|t'(t, x;z) > 0} has positive Lebesgue measure. Note that x;z) 
satisfies 

vtit,x;z)= / /c5(?/ - x)'u(t,2/;z)(i2/ - ■u(t,x;z) + a(t,x;z)f (t,x;z) (4.7) 
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where a{t,x;z) = f{x + z, u(t, x; <^+(-, z), z)) + u{t,x;(^^{-,z),z)fu{x + z,u{t,x;(^^ z), z)). 
Then by Proposition I3.H we have 



v{t,x-z)>Q Vt G M, z G R^. 
This imphes that Ut{t, x;z)>0 for ah t G M and x, z G M^. □ 

5 Uniqueness and Continuity of Traveling Wave Solutions and 
Proof of Theorem 12.21 



In this section, we investigate the uniqueness and continuity of travehng wave solutions of (II. 2|) 
and prove Theorem 12.21 by the "squeezing" techniques developed in [8] and [22] . 
Throughout this section, we fix ^ G S^~^ and c > c*(^). Let /x* be such that 

^.(^^^ Ao(/x%e,«o) ^ Ao(/2,e,ao) V/iG(0,/.*). 

We fix c > c*(0 and /i G (0,/x*) with ^oif^'^'^'o) ^ ^ ^^^^ assume that U^{t,x;z) and 

are as in section HI We put ^{x,z) = and U{t,x;z) = U^{t,x; z). Let Ui{t,x;z) = 

u(t,x;^i{-,z),z){= - ct^,z + ct^)). 

We first prove some lemmas, some of which will also be used in next section. By Lemmas 
142] and [44l there is Mq > such that 

U{t,x; z) 

< sup 777^^" < (5-1) 

x-^-ct>A/o,^GK^ '^t{t,X;Z) 

Observe that there is ctq > such that 

U{t,x;z)>ao for x • ^ - ci < Mq. (5.2) 

Let 

Vo= inf (-/n(2;,n))cro, (5.3) 

0<«<2m+p 

where ti^p = sup^gjgjv ii+(2;). Throughout the rest of this section, Mq, cjo, % are fixed and 
satisfy (l5:T]) - (|53]) . 

Lemma 5.1. Let eo G (0, 1) and rj G (0, (1 — eo)f?o)- There is I > such that for each e G (0, eq), 

H^{t,x;z) = (l±ee-''*)C/(t^/ee-''*,x;z),Vt > x,z G 
are super- /suh- solution of (j2.5p . 

Proof. First we prove that H^(t,x; z) is a super-solution of ()2.5p . Let /i = ee"''* and r = 
t-lee~'^K Then 

H+{t,x;z) = (1 + /i)C/(T,x;z),Vt > 0, x,z G M^. 
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By direct calculation, we have 

^^^^If^'^ -[[ k{y- x)H+{t, y; z)dy - H+{t, x; z) + H+{t, x; z)f{x + z, H+{t, x; z))] 
at j^N 

= -rihU{T, x- z) + {l + Irih) [{IC - I)H+ + f{x + z, U)H+] - [{K - I)H+ + f{x + z, H)H+] 
= -T]hU{T, x; z) + lT]h[{}C - I)H+ + f{x + z, U)H+] + [/(x + z,U) - f{x + z, H)]H+ 
= -r]hU{T, X- z) + lrih{l + h)Ut{T, x; z) + [f{x + z,U) - f{x + z, H+)]{1 + h)U{T, x; z) 

= hvUir,x;z)[-l + /(I + /i)^ill^±^ - + n*(r, x; z))(l + h)U{T,x; z)/r^], 

where u*(t, x; z) is some number between C/(r, x; z) and H^{t, x; z). We only need to prove that 

- 1 + /(I + - /4x + z, U*{t, x; z))(1 + h)UiT, x)/77 > (5.4) 

for all t > and x,z £ M^. 

If t > and X G are such that x • ^ - cr < Mq, by (fOj) . and the fact that 

Ut{T,x,;z) > 0, ([53]) holds. 



If i > and x G M are such that x • ^ — cr > Mq, and / > supa;.^_cr>Afo Ut{Tx-z) ' ^^^"^ (|5.4p 
also holds. 

By the similar arguments above, we can prove that H~{t, x; z) is a sub-solution of ()2.5p . This 
completes the proof. 

□ 

Lemma 5.2. Lei eo G (0, 1) 6e ^rzuen and I be as in Lemma [5A[ For any given < ei < eo, 
there exists constant Afi(ei) > such that for all e G (0, ei] 

(1 - e)U{t + 3le, x; z) < U{t, x; z) <{l + e)U{t - 3/e, x; z) Vt G M, x, z G M^, x - ct < -Mi(ei). 

Proof. Let /i(s) = (1 + s)U{t - 3ls, x; z). Then, h'{s) = U{t - 3ls, x; z) - 3lUt{t - 3ls, x; z). By 
Lemma HTHl there exists a M(ei) > such that h'{s) > for s G [— ei,ei], x — ct < — Mi(ei), 
and z G M^. Hence, the lemma follows. □ 

Lemma 5.3. For any e > 0, there exists a constant C(e) > 1 such that 

Ui{t -2e,x;z) <U{t,x;z) < Ui{t + 2e, x; z) Vt G M, x,zGM^, x-^-ct>C{e). 

Proof. It follows from the fact that 

Ui{t,x;z) Ui{t,x;z) U{t,x;z) 

hm 1— — 77 — ■ = lim 



x-c-rf->oo e"^(''"5~^*)(?!>(x + z) x-c-rf->oo U(t, x; z) e~^(^"'^~^*V(a:^ + z) 

U{t,x;z) 

= lim _ , , — 

x-^-ci-i^oo e ^^y^''^ ^^'(pix + z) 

= 1 



uniformly in z G M^. □ 
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Lemma 5.4. Let €q G (0, 1) and rjQ, I be as in Lemma \5.1\ For any given e G (0,eo), there is 
r > such that 

(1 - ee-^*)C/(i - r + /ee"^*, x) < Ui{t, x; z) < {I + ee-''^)U{t + r - /ee"^*, x; z) 
for all x,z eR'^ and t > 0. 
Proof. First by Propositions 12. l l and 13. l| 

<U{t,x;z) <u^{x + z) and < Ui{t,x; z) < u'^ix + z) Vi G M, x, 2; € M^. 
Then by Lemma 15.31 there exists a constant C(l) such that 

> U{t -2,x;z) Vt G M x, z e M^, x • C - ct > C(l). 
By ([2S]), there is ti > 2 such that 

Ui{t,x;z) > {1 - e)U{t -ti,x;z) V t G M, x,zGM^, x-^-ct <C{1). 

Thus 

C/i(0,x;z) > (1 - e)C/(-ti,x;z) = (1 - e)U{-{ti + k) + le,x; z) Vx,z G M^. 
It then follows Lemma lS.ll that 

Ui{t, x; z) > (1 - ee-i^)U{t - {ti + le) + /ee"^*, x; z) Vt > 0, x, z G M^. 
Similarly, it can be proved that there is t2 ^ 2 such that 

Ui{t, x; z)<{l + ee-'^^)U{t + t2 + le- Zee"'?*, x; z) Vt > 0, x, z G M^. 
The lemma then follows with r = max{ti + le, t2 + le}. □ 

Lemma 5.5. Let r > 0, ti > 0, and M G M 6e given. Suppose that W^{t,x]t\,z) are the 
solution of (j2.5p wi^/i initial 

W=^(0, x; ti, z) = C/(ti ± r, x; z)?(x - cti - M) + C/(ti ± 2r, x; z)(l - ?(x - cti - M)), 

where = /or s < and q{s) = 1 /or s > 0. T/ien 

W^+(l,x;ti,z) < (l + e)?7(ti + l + 2T-3/e,x;z) 

and 

W"-(l,x;ti,z) > (1 - e)U{ti + 1 - 2T + 3/e,x;z) 
for all X, z G wi/i x — c(l + ti) < M provided that < e ^ 1. 
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Proof. We give a proof for W {1, x;ti, z). The case of can be proved similarly. Note that 

^"-(0, x; ti,z) > U{ti - 2r, x; z) Vx, z G M^. 

It then follows that 

W^{1, x; ti,z)> U{1 + ti- 2t, x; z) Vx, z € M^. 
Take an ei S (0,eo]. By Lemma [5^ for any e G (0,ei], 

> (1 - e)U{l + ti - 2r + 3/e,x;z) Vx • ^ - c(ti + 1) < -Af(ei), z G M^. 
We claim that for < e ^ 1, 
W-{l,x;ti,z) > (1 - e)C/(l + ii - 2r + 3/e,x;z) Vx • ^ - c(ii + 1) G [-M(ei),M], z G M^. 
In fact, let W{t, x; z) = W'~{t, x; ti,z) — U'^{t + h - 2r, x; z) and 

h= inf x; ti, 2:)/(x + z, x; tio 2, ^;)) 

- U{t + ti- 2t, x; z)/(x + z, U{t + h - 2r, x; z))] 
1 



Then 



x; ii, z) - f7(t + ti - 2r, x; z 

W{0,x;z) - 



■}• 



U{ti - T,x; z) - U{ti - 2t,x; z) for x • ^ - cti > M 
for X • ^ - cti < M 



and 

W^t(t, x;z)> / A;(?/ - x)P^(i, y; z)dy - W{t, x; z) + hW{t, x; z) Vt G [0, 1], x, z G M^. 
It then follows that 

W{1, •; z) > e-i+^T^(0, •; z) + /CT^(0, •; z) + ^VF(0, •; ^) + • • • ), 

where /CVK(0, •; z) is defined as in (|1.5p with u being replaced by 1^(0, •; z). By Lemma HT^t there 
are a > and M > such that 

C/(ti - r, x; z) - - 2t, x; z) > (7 Vx, z G with M < x • ^ - rfi < M + 1. (5.5) 

This implies that 

1^(1, x; z) > U{1 + ti - 2r + 3/e, x; z) - [7(1 + ti - 2t, x; z) (5.6) 
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for x-C- c{ti + 1) € [-M (ei), M] and z € provided that < e < 1. By (l53|) and 1^^, we 
have 

W~{l,x; ti,z) = W{l,x; z) + U{1 + ii - 2r, x; z) 

> U{l + ti-2T + 3le,x;z) 

> (1 - e)C/(l + ti - 2t + 3/e, x; z) 



for X • C - c(l + ti) < A/ and z G provided that < e < 1. 



Proof of TheoremlKM (1) Let 



□ 



A+ = {t>0 \ hmsup sup f^i(^'^i^) < 1} 



C/(t + 2t,x;z) 



and 



A- = {r>0|hminf inf > 

t^oo x.zeR^ - 2t, x; z) 



By Lemma [531 / 0- Let 

r+ = inf{r I T G r" = inf{T | r G ^"}. 

We first claim that G In fact, let G be such that — ?• r'^. Then for any 
< e < 1, there are t„ — > oo such that 

Ui{t,x;z) 



< 1 + e Vx,z G M^, t > tn 



and 



C/(t + 2Tn,x;z) 
C/(t + 2t+, x; z) - U{t + 2t„, x; z) 



> -e Vn > 1, i G M, X, z G 



Observe that 



and 



[/(t + 2T„,x;z) 

C/i(t,x;z) C/i(t,x;z) + 2t„, x; z) 



i7(t + 2r+, x; z) Z7(t + 2r„, x; z) + 2t+, x; z) 
^(t + 2-T:„,x;z) _ 1 

+ 2r+,x;z) ~ -, , U{t+2T+ ,x-,z)-U{t+2T„,x;z) 

l/(i+2r„,x;2) 



< 



1 



1 - e 
< 1 + e Vn » L 



x; z) , x9 , , 

™P V - ^ ^ (^ + ^) 

x,z6R^ U (^r — ZT , X, ^; 



Fix n ^ 1. Then 



This implies that r"*" G A"*". Similarly, we have r G j4 . 
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Next we claim that = 0. Assume that r > 0. Note that 




> 1. 



Hence for any e > 0, there is to > such that 



Ui{to,x;z) 



> 1 - e Vx, z G M- 



N 



U{to-2T-,x;z) 



This implies that 



Ui{to,x;z) > (1 - e)U{to - 2t~,x;z) > U+{to - 2r 



x: z) — e 



where e = emaxf^^.^^ U^{t, x, z). By Lemma 15.31 for x ■ — ctQ > M 



C(r-/2) 



Ui{to,x;z) > U{to - T ,x;z). 



This implies that 

Ui{to,x;z) > U{to - 2t~,x;z){1 - C{x ■ C - cto - M)) + C/(to - r",x;z)C(x ■ i - cIq - M) - e. 

Note that there is > such that Ui{t,x]z) + ee^* is a super-solution of (|2.5p for t G [0, 1] 
provided that < e ^ 1. By Lemma 15.51 for < e <C 1 and < e ^ 1, 

C/i(to + +ee^ > (1 - e)t^(io + 1 - 2r~ + 3/e,x;z) Vx • C - c(to + 1) < M, z € M^, 

where / is as in Lemma 15.11 Then for < e ^ e <C 1 , 

C/i(to + l,x\z) > (1 - 2e)U{tQ + 1 - 2z~ + ?,le,x;z) Vx • ^ - c(to + 1) < M, z € M^. 

By Lemma 15.31 again, for X • ^ - c(to + 1) > M , 2; € M^, and < e < 1, 



By Lemma |5.H 

Ui{tQ + t + l,x;z) > (l-2ee"^*)C/(to + l + t-2r~ + 2/ee"''* + /e,x;z) Vt > 0, x,zeR- 
It then follows that 



Ui{to + l,x;z) > U{to + l - T~,x;z) 

> (1 - 2e)U{to + 1 - T~,x;z) 

> (1 - 2e)C/(to + 1 - 2r" + 3k, x; z). 



Therefore for < e 1 



Ui{to + 1, x; z) > (1 - 2e)C/(to + 1 - 2r" + 3/e, x; z) Vx, z G M" 



T 
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this is a contradiction. Therefore r~ = 0. Similarly, we have r'^ = 0. 

We now prove that $i(x,z) = ^{x,z). Recall that Ui{t,x;z) = ^i{x — ct^,z + ct^) and 
U (t, x; z) = $(2; — ct^, z + ct^). Hence 

. ^ Ui{t,x-z) . ^ ^i{x - cti,z + cte) 
mi -rr, r = mi —r-, r tt 

x.^GR^ U{t,x;z) x,zemN ^[x - ct^, z + ct^) 

- inf 



and 



x,zm^ ^{x,z) 



Ui(t,x;z) ^Ux - ct^,z + ct^) 
sup — ^ = sup —7 — 

x,^GM^ U{t,x;z) ^^^^^N <^{x -ct(,z + ctO 

<^>i{x,z) 



sup 



^{x, z) 



This together with = implies that 



. ^i{x,z) ^i{x,z) 
™ — r = sup — — - = 1. 



We then must have <I>i(x, z) = <I>(x, z). 

(2) Let ^i{x,z) = ^-{x,z){= U^{0,x;z)). By (1), ^-{x,z) = ^{x,z). Recah that ^-{x,z) 
is lower semi-continuous and ^~^{x, z) is upper semi-continuous. We then must have that z) 
is continuous in (x, z) € x 



□ 

Corollary 5.1. Let ^{x, z) be as above. Then 

lim n(r, x; n(0, •; z, r, di , 6), z) = lim n(r, x; n(0, •; z, r, ^2), z) = ^{x, z) 
for all di » 1, (i2 > 0, < 6 <C 1; and x,z e M^. 

Proof. By the arguments of Theorem 12.1( 3). for any di ^ 1 and < 6 ^ 1, 

lim u{T,x;u{0,-;z,T,di,b),z) = <^+(x,z)(= <I>(x,z)) Vx, z S M^, 
and for any d2 ^ 1, 

lim ii(r, x; ^(0, •; z, r, ^2), -z) = $~(x, z)(= <I>(x, z)) Vx, z € M^. 

T— >00 

The corollary then follows. □ 
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6 Stability of Traveling Wave Solutions and Proof of Theorem 



In this section, we investigate the stabihty of travehng wave solutions of ()1.2p and prove Theorem 

EH 

Throughout this section, we fix ^ G 5^-^ and c > c*(^). Let n* be such that 

c = z < : V/iG 0,/i). 

WefixO c*(0 and/i G (0,^*) with Mn^M = c. Let = where C/+(t, x; z) 

is as in section HI We put u{t,x) = u{t, x;uq,0), where uq is as in Theorem 12.31 and put 
U{t,x) = U~^{t,x;0). We can prove Theorem 12.31 bv Lemmas 16. 1116. 31 and the similar arguments 
in Theorem 12.21 Here we only state these lemmas without proofs, which can be proved by 
properly modifying the arguments in their counterparts of Lemmas I5.3ti5.51 

Lemma 6.1. For any e > 0, there exists a constant Co(e) > 1 such that 

u{t - 2e, x) < U{t, x) < u{t + 2e, x) ^x ■ ^ - ct > Co(e), t > 2e. 

Lemma 6.2. Let eo, rj, and I he as in Lemma fXil For given e G (0,eo), there are t± > Q and 
T± > such that 

(1 - ee-''(*-*-))C/(t - T_ + /ee-''(*-*-), x) < n(t, x) < (1 + ee~'i^^~^+^)U{t + r+ - /ee-''(*-*+), x) 
for all X G and t > max{i„,t+}. 

Lemma 6.3. Let r > 0, ti > 0, and Af G M &e given. Suppose that w^{-, x;ti) are the solution 
of (II. 2p for t >0 with the initial conditions 

w^{0, x; ti) = U{ti ± r, x)<;{x - cti - M) + U{ti ± 2t, x)(1 - ?(x - cti - M)) Vx G M^, 

where q{s) = for s < and q{s) = 1 for s > 0. Then 

'u;+(l, x; ti) < (1 + e)U{ti + 1 + 2t - 3Ze) 
w~{l,x\ti) > (l-e)C/(ti + l-2r + 3/e), 

for all X ■ - cti < M + c and < e < 1. 
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